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The phase-angle method to measure electrical resistivity in nonmagnetic metals is calculated 
for samples presenting the hollow circular geometry. The phase angle versus the operating 
frequency for a general hollow circular cylinder geometry shows a similar qualitative behavior 
when compared with the massive cylinder geometry, A discussion of a procedure for a 
desirable experimental condition related to the geometrical parameters and exciting signal is 
presented. 
I. INTRODUCTION 
Electrical resistivity measurements in nonmagnetic 
metals through induced eddy currents present several ad-
vantages when compared with the conventional four-probe 
method. l Usually, the inductive methods involve two differ-
ent magnetic effects: eddy current time decay and modifica-
tion of the inductance of a coil by a metal core. 
In the so-called eddy current decay method, the electri-
cal resistivity of the nonmagnetic metals is obtained by the 
measurements of the eddy current time decay, when one 
weak de magnetic field is switched on or off the sample ab-
ruptly.24 
In the ac method the electrical resistivity of the metal 
which is surrounded by a coil is determined when the self-
inductance or the mutual inductance between a pair of coils 
is modified when submitted to a magnetic field generated by 
an alternating current, and the losses are at the same time 
increased. 5-8 
In a previous paper Wejgaard and Tomar'! have com-
pared both of the above-mentioned methods through the lin-
ear system theory. They also described a simplified version 
of the ac method based on a phase-angle measurement where 
the sample geometries considered were cylindrical and 
spherical. 
The aim of this work is to apply the method proposed by 
them to the hollow circular cylinder geometry samples and 
to analyze the effect upon the phase angle. The results are 
compared with the ones obtained for the massive circular 
cylinder geometry. 
II. THE PHASE-ANGLE METHOD 
The con tactless phase-angle method for measurements 
of the electrical resistivity was earlier proposed by Wejggard 
and Tomar.9 This method consists essentially of measuring 
the phase angle between the resistive and inductive voltage 
signals due to the introduction of a nonmagnetic sample into 
a) Permanent address: Instituto de Fisica, Ulliversidade de Sao Paulo, Ci-
dade Univcrsitaria CP 20616. 05508 SP, Brasil. 
a coil excited by an ac current. They show, through the linear 
system theory, that the phase angle is described by the simple 
relation 
¢ = arctan(x" IX')' 0) 
where X' andy" are the real and imaginary parts of the mag-
netic susceptibility of the sample, respectively. 
However, the magnetic susceptibility is a function of the 
electrical resistivity and the geometry of the sample, as well 
as the frequency (i) of the external magnetic field. In the par-
ticular case where the external magnetic field is of the type 
H 0 exp( - iUJt) and the sample is a metallic infinite cylinder 
of radius a, the magnetic susceptibility is given in Ref. 10: 
x= - fl-2J j (ka)/kaJ o(ka)], (2) 
where k 2 = i/-low/p is the classical skin depth at frequency 
(i). It is usual to define x = ka and consider X = Xi + iX" as a 
function of x. The electrical resistivity of the sample with 
radius a and for the operation frequency w is obtained from 
the calculated X' and Xii and from the measured phase angle. 
FIG. 1. Geomctricalconfiguration ofthe samples studied. The cross section 
shows two different regions. 
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iii. THE PHASE-ANGLE METHOD APPLIED TO THE 
HOLLOW CIRCULAR CYLINDER GEOMETRY: 
THEORETICAL RESULTS 
Let us consider samples presenting the geometry as 
shown in Fig. 1. In this particular geometry there are addi-
tional boundary conditions to be satisfied in the inner surface 
of the hollow circular cylinder in order to solve Maxwell's 
equations. The tangential components of the electric and 
magnetic fields must be continuous across the entire inner 
surface and involve derivatives of the fields. 1 J, 12 
We intend to obtain the magnetic susceptibility for the 
above-described samples; therefore, we assume an external 
excitation of the following form; 
where 
and 
Yn (z) = bern (z) + ibein (z), 
)'n (z) = kern (z) + ikein (z), 




x = (UJf..loU)1/2b. (10) 
The behavior of the phase angle as a function of x for a 
sample with magnetic permeability following Eq. (6) is 
shown in Fig. 2 for several values of a. The qualitative be-
havior of the phase angle is the same for all the a values. 
However, we can observe that only in the region 
10° < x < 1.01 the phase angle is very sensitive to the a values, 
but preserves the same form. We also can observe that for a 
values up to 0.5 the system acts like a massive cylinder. 
There is an increase in frequency when a goes to unity for the 
same phase angle. The phase-angle method sensibility is bet-
ter close to 45°, when a greater variation in the operating 
frequency is observed. 
The above statement is clarified in Fig. 3. There we plot 
the crossover between the real and imaginary parts of the 
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H = H 0 exp(iUJt)z. (3) 
The knowledge of the relative magnetic permeability of the 
system defined by 
(4) 
where (Hi) is the mean value of the magnetic field over the 
transversal section of the sample, allows one to get the mag-
netic susceptibility 
X(UJ) = - 1.0 + fl(UJ). (5) 
For the hollow circular geometry the magnetic perme-
ability flll for a sample with electrical conductivity (7, inner 
radius a, and other radius b, is given by us in Ref. 11, 
(6) 
a. X M is the value for x -that corresponds to the 45· phase 
angle, and it is the optimum value for making electrical resis-
tivity measurements. As before, it is observed that X M is 
almost constant until a = 0.5. For a greater than this value 
X M obeys a quadratic a dependency. 
The electrical resistivity of the samples is directly ob-
tained from the conjugation of the charts shown in Figs. 4 
and 5. On charts of Fig. 4 we plot the operating frequency 
versus the sample inner radius for several a values. For the 
massive cylinder we calculate the operating frequency versus 
the cylinder radius. Each curve corresponds to a fixed 
n, It = b 2w/201T. For a given sample we are able to choose 
the adequate frequency of the excitation magnetic field to 
make the measurement. Then, with the help ofthe measured 
phase angle, we look for the corresponding 11 in Fig. 5 and 
read the electrical resistivity immediately. 
Given a particular geometry, these results implicate the 
existence of an ideal regime to measure samples resistivity. 
IV. CONCLUSION 
In summary, we have calculated the phase-angle de-
pendence on frequency for a general hollow circular cylinder 
I!' I 
FIG, 2, Phase angle vs X,X = (wilner) Ij2b, for the massive 
cylinder and for the hollow circular cylinder, with a = 0.5, 
0.7, and 0.9. a is defined as a/h. 
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FIG. 3. Crossover between real and imaginary parts of the magnetic suscep-
tibility denoted by X M , as a function of a. 
geometry submitted to an ac magnetic field. The phase angle 
has shown the same behavior whea compared with the mas-
sive cylinder. However, for a greater than 0.5 the quantita-
tive changes are quite relevant. Through the combined 
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FIG. 4. Operating frequency vs the cylinder radius for the Cal massive cyl-
inder. Analogous results are shown for the hollow cylinder geometry with 
(b) a = 0.5, (cl 0.7, and (d) 0.9. Each curve corresponds to a fixed n, 
n = b 2(;)/20rr. 
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FIG. 5. Resistivity vs phase angle for Cal the massive cylinder and for the 
hollow circular cylinder geometry fora = (b) 0.5, (el 0.7, and (d) 0.9. n is 
defincd by b 'eu/20rr. 
resistivity versus phase angie, we have discussed a direct way 
to optimize the ideal operating regime in measurements. 
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